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Abstract
A compact ﬁnite difference scheme is developed to the three-dimensional microscale heat transport equation. This new scheme
is fourth order in space and second order in time. It is proved to be unconditionally stable with respect to initial values. Numerical
results are provided for comparison testing purpose.
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1. Introduction
The three-dimensional microscale heat transport equation, which describes the thermal behavior of thin ﬁlms and
other microstructures, can be written as [13]
1

(
T
t
+ Tq 
2T
t2
)
= Tq 
3T
tx2
+ Tq 
3T
ty2
+ TT 
3T
tz2
+ 
2T
x2
+ 
2T
y2
+ 
2T
z2
+ S, (1)
with the initial and boundary conditions:
T (x, y, z, 0) = T0(x, y, z), T (x, y, z, 0)
t
= T1(x, y, z),
T (0, y, z, t) = T2(y, z, t), T (Lx, y, z, t) = T5(y, z, t),
T (x, 0, z, t) = T3(x, z, t), T (x, Ly, z, t) = T6(x, z, t),
T (x, y, 0, t) = T4(x, y, t), T (x, y, Lz, t) = T7(x, y, t),
where T is the temperature, , TT and Tq are positive constants. Here  is the thermal diffusivity. TT and Tq represent
the time lags of the heat ﬂux and the temperature gradient, respectively [11].
Many applications, including phonon electron interaction model [7], the single energy equation [9,10], the phonon
scatting model [2], the phonon radiative transfer model [3] and the lagging behavior model [5,9,8], can be modeled by
the microscale heat transport equation.
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Few authors deal with the numerical solution of one-dimensional microscale heat transport equation. By using
Crank–Nicolson technique, Qui and Tien [6] have solved the phonon electron interaction model. Joshi and Majumdar
[3] have used an explicit upstream difference method to solve the phonon radiative transfer model in one-dimensional
medium. Zhang and Zhao [11] have solved the one-dimensional microscale heat transport equation using fourth order
compact scheme and proved that the new scheme is unconditionally stable. They have, in [12,13], solved the two and
three-dimensional microscale heat transport equation with second order accuracy for time and space. Recently, we
developed a compact scheme, fourth order in space and second order in time, for two-dimensional microscale heat
transport equation.
In this paper, we introduce improved ﬁnite difference scheme to the three-dimensional microscale heat transport
equation. We ﬁrst transform the equation to a Poisson equation because it is easier to develop schemes for it. The new
scheme is fourth order in space and second order in time. Using the discrete energy method, we prove that the scheme is
unconditionally stable with respect to initial values. Numerical results are provided for comparison and testing purpose
in [13].
2. Fourth order compact discretization
For convenience, let us consider a cubic domain = [0, Lx] × [0, Ly] × [0, Lz]. Here subscripts are obviously not
derivatives. We discretizewith uniform mesh sizesx,y andz, respectively, in the x, y and z coordinate directions.
We deﬁneNx =Lx/x , Ny =Ly/y and Nz=Lz/z as representing the numbers of uniform subintervals along the
x, y and z coordinate directions, respectively. The mesh points are (xi, yj , zk) where xi = ix, yj = jy, zk = kz,
0 iNx, 0jNy, 0kNz. We use the index pair (i, j, k) to represent the mesh point (xi, yj , zk). Also, we
discretize the time interval with uniform mesh sizes t . Nt = t/t denotes the numbers of uniform intervals along the
time t .
Zhang and Zhao [11] introduce an auxiliary function
 = T + Tq T
t
. (2)
We introduce an other auxiliary function:
u = T + TT T
t
. (3)
By substituting (2) and (3) into (1), we get the following equation:
f = 
2
x2
+ 
2
y2
+ 
2u
z2
, (4)
where f = (1/)/t − S.
The modiﬁed initial and boundary conditions can be formulated as
T (x, y, z, 0) = T0(x, y, z), (x, y, z, 0) = T0(x, y, z) + TqT1(x, y, z),
u(x, y, z, 0) = T0(x, y, z) + TT T1(x, y, z),
(5)
T (0, y, z, t) = T2(y, z, t), T (Lx, y, z, t) = T5(y, z, t),
T (x, 0, z, t) = T3(x, z, t), T (x, Ly, z, t) = T6(x, z, t),
T (x, y, 0, t) = T4(x, y, t), T (x, y, Lz, t) = T7(x, y, t),
(0, y, z, t) = T2(y, z, t) + Tq T2(y, z, t)
t
, (Lx, y, z, t) = T5(y, z, t) + Tq T5(y, z, t)t ,
(x, 0, z, t) = T3(x, z, t) + Tq T3(x, z, t)
t
, (x, Ly, z, t) = T6(x, z, t) + Tq T6(x, z, t)t ,
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(x, y, 0, t) = T4(x, y, t) + Tq T4(x, y, t)
t
, (x, y, Lz, t) = T7(x, y, t) + Tq T7(x, y, t)
t
,
u(0, y, z, t) = T2(y, z, t) + TT T2(y, z, t)
t
, u(Lx, y, z, t) = T5(y, z, t) + TT T5(y, z, t)t ,
u(x, 0, z, t) = T3(x, z, t) + TT T3(x, z, t)
t
, u(x, Ly, z, t) = T6(x, z, t) + TT T6(x, z, t)t ,
u(x, y, 0, t) = T4(x, y, t) + TT T4(x, y, t)
t
, u(x, y, Lz, t) = T7(x, y, t) + TT T7(x, y, t)
t
. (6)
The standard second order central difference operators at grid point (i, j, k) can be written as
2xijk =
i+1jk − 2ijk + i−1jk
x2
,
2yijk =
ij+1k − 2ijk + ij−1k
y2
,
2zuijk =
uijk+1 − 2uijk + uijk−1
z2
.
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(7)
The derivatives of Eq. (4) can be approximated by a second order accuracy as
2
x2
∣∣∣∣
ijk
= 2xijk −
x2
12
4
x4
+ O(x4),
2
y2
∣∣∣∣
ijk
= 2yijk −
y2
12
4
y4
+ O(y4),
2u
z2
∣∣∣∣
ijk
= 2zuijk −
z2
12
4u
z4
+ O(z4).
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
(8)
By using these ﬁnite difference approximations, Eq. (4) can be discretized at a given grid point (i, j, k) as
2xijk + 2yijk + 2zuijk − ijk = fijk , (9)
where
ijk =
[
x2
12
4
x4
+ y
2
12
4
y4
+ z
2
12
4u
z4
]
ijk
+ O(x4,y4,z4). (10)
In order to obtain a fourth order compact approximation for (4), we ﬁrstly derive (4) with respect to x, y and z, and
thus we yield
4
x4
= 
2f
x2
− 
4
x2y2
− 
4u
x2z2
,
4
y4
= 
2f
y2
− 
4
y2x2
− 
4u
y2z2
,
4u
z4
= 
2f
z2
− 
4
z2x2
− 
4
z2y2
.
(11)
Substituting (11) into (10), we obtain the following equation:
ijk =
⎡
⎢⎢⎣
x2
12
2f
x2
+ y
2
12
2f
y2
+ z
2
12
2f
z2
−
(
x2
12
+ y
2
12
)
4
x2y2
−z
2
12
4
x2z2
− z
2
12
4
y2z2
− x
2
12
4u
x2z2
− y
2
12
4u
y2z2
⎤
⎥⎥⎦
ijk
+ O(x4,y4,z4). (12)
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From (12) and (9), we get the fourth order compact scheme as follows:
2xijk + 2yijk + 2zuijk +
1
12
(x2 + y2)2x2yijk +
z2
12
2x
2
zijk +
z2
12
2y
2
zijk
+ x
2
12
2x
2
zuijk +
y2
12
2y
2
zuijk = fijk +
x2
12
2xfijk +
y2
12
2yfijk +
z2
12
2zfijk
+ O(x4 + y4 + z4). (13)
Applying the Crank–Nicolson technique to the fourth order compact (13) (wheref = (1/)/t − S ), we get
1
2
2x(
n+1
ijk + nijk) +
1
2
2y(
n+1
ijk + nijk) +
1
2
2z(u
n+1
ijk + unijk) +
1
24
(x2 + y2)2x2y(n+1ijk
+ nijk) +
z2
24
2x
2
z(
n+1
ijk + nijk) +
z2
24
2y
2
z(
n+1
ijk + nijk)
+ x
2
24
2x
2
z(u
n+1
ijk + unijk) +
y2
24
2y
2
z(u
n+1
ijk + unijk)
=
[
1


t
− Sn+1/2 + x
2
12
2x
(
1


t
− Sn+1/2
)
+ y
2
12
2y
(
1


t
− Sn+1/2
)
+z
2
12
2z
(
1


t
− Sn+1/2
)]
ijk
, (14)
with /t |ijk = (n+1ijk − nijk)/t .
Then the ﬁnal formula of order O(x4,y4,z4,t2) can be written as follows:
1
2
2x(
n+1
ijk + nijk) +
1
2
2y(
n+1
ijk + nijk) +
1
2
2z(u
n+1
ijk + unijk) +
1
24
(x2 + y2)2x2y(n+1ijk
+ nijk) +
z2
24
2x
2
z(
n+1
ijk + nijk) +
z2
24
2y
2
z(
n+1
ijk + nijk)
+ x
2
24
2x
2
z(u
n+1
ijk + unijk) +
y2
24
2y
2
z(u
n+1
ijk + unijk)
= 1

(
n+1ijk − nijk
t
)
− Sn+1/2ijk +
x2
12
2x
(
1

(
n+1ijk − nijk
t
)
− Sn+1/2ijk
)
+ y
2
12
2y
(
1

(
n+1ijk − nijk
t
)
− Sn+1/2ijk
)
+ z
2
12
2z
(
1

(
n+1ijk − nijk
t
)
− Sn+1/2ijk
)
, (15)
where
2x
2
yijk =
1
(xy)2
[4ijk − 2(i−1jk + i+1jk + ij−1k + ij+1k)
+i−1j−1k + i+1j−1k + i+1j+1k + i−1j+1k
]
+ O(x2,y2),
2x
2
zijk =
1
(xz)2
[4ijk − 2(i−1jk + i+1jk + ijk−1 + ijk+1)
+i−1jk−1 + i+1jk−1 + i+1jk+1 + i−1jk+1
]
+ O(x2,z2),
2y
2
zijk =
1
(yz)2
[4ijk − 2(ijk−1 + ijk+1 + ij−1k + ij+1k)
+ij−1k−1 + ij−1k+1 + ij+1k+1 + ij+1k−1
]
+ O(y2,z2).
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Eq. (15) is used to evaluate n+1ijk . Eq. (2) can be discretized by using Crank–Nicolson method with respect to time t
1
2
(n+1ijk + nijk) =
1
2
(T n+1ijk + T nijk) +
Tq
t
(T n+1ijk − T nijk), (16)
which can be solved for T n+1ijk as
T n+1ijk =
(
t
2
+ Tq
)−1 (
Tq − t2
)
T nijk +
(
t
2
+ Tq
)−1t
2
(n+1ijk + nijk).
For computing un+1ijk , we discretize (3) using Crank–Nicolson method with respect to time t
1
2
(un+1ijk + unijk) =
1
2
(T n+1ijk + T nijk) +
TT
t
(T n+1ijk − T nijk), (17)
and after simpliﬁcation, the following formula is obtained:
un+1ijk =
(
1 + 2Tq
t
)
T n+1ijk +
(
1 − 2Tq
t
)
T nijk − unijk .
3. Solvability and stability
In this section, we will prove the unconditionally stability of the fourth order compact scheme (15)–(17) with respect
to the initial values. To prove this, we use the discrete energy method [1,4]. For achieving this purpose, we will deﬁne
D as the set of discrete values
D = {en = {enijk} with en0jk = enNjk = eni0k = eniNk = enij0 = enijN = 0, 1 i, j, kN}.
We then make the following norm deﬁnitions for any en, f n ∈ D:
(en, f n) =
n∑
i,j,k=1
enijkf
n
ijkxyz, ‖en‖2 = (en, en).
The following results can be veriﬁed easily [1,4].
Lemma 1. For any en, f n ∈ D, the following equalities hold:
(2xe
n, f n) = −(xen, xf n), (2yen, f n) = −(yen, yf n), (2zen, f n) = −(zen, zf n),
(2x
2
ye
n, f n) = −(xyen, xyf n), (2x2zen, f n) = −(xzen, xzf n),
(2y
2
ze
n, f n) = −(yzen, yzf n),
where
xe
n = e
n
i+1jk − enijk
x
, ye
n = e
n
ij+1k − enijk
y
, ze
n = e
n
ijk+1 − enijk
z
are the forward difference operators.
Theorem. Suppose that {T nijk, nijk, unijk} and {V nijk, nijk, nijk} are solutions of the ﬁnite difference scheme (15)–(17)
which satisfy the boundary conditions (5)–(6), and have different initial values {T 0ijk, 0ijk, u0ijk} and {V 0ijk, 0ijk, 0ijk},
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Fig. 1. Absolute error comparison of second order and fourth order schemes with Tq = 2, TT = 1, = 38 , S = 0.0, x =y =z = 0.1 and t = 1.0.
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Fig. 2. Absolute error comparison of second order and fourth order schemes with Tq = 2, TT = 1, = 38 , S = 0.0, x =y =z= 0.05 and t = 1.0.
respectively. Let, wnijk = nijk − nijk , εnijk = T nijk − V nijk and 	nijk = unijk − nijk then {wnijk, εnijk, 	nijk} satisfy
1

[
‖wn‖2 + x
2
12
‖xwn‖2 + y
2
12
‖ywn‖2 + z
2
12
‖zwn‖2
]
+ 2Tq‖xεn‖2
+ 2Tq‖yεn‖2 + 2(Tq + TT )‖zεn‖2 + Tq6 (x
2 + y2)‖xyεn‖2
+ (Tq + TT )
6
(x2 + z2)‖xzεn‖2 + (Tq + TT )6 (y
2 + z2)‖yzεn‖2
 1

[
‖w0‖2 + x
2
12
‖xw0‖2 + y
2
12
‖yw0‖2 + z
2
12
‖zw0‖2
]
+ 2Tq ‖xε0‖2
+ 2Tq‖yε0‖2 + 2(Tq + TT )‖zε0‖2 + Tq6 (x
2 + y2)‖xyε0‖2
+ (Tq + TT )
6
(
x2 + z2
)
‖xzε0‖2 + (Tq + TT )6
(
y2 + z2
)
‖yzε0‖2 (18)
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for any 0nt tstop. This implies that the ﬁnite difference scheme is unconditionally stable with respect to the initial
values.
Proof. see Appendix.
4. Numerical results
We consider three-dimensional model problem to test the high order compact formulation for microscale heat
transport equation with initial and boundary conditions satisfying the exact solution T (x, y, t) = ex+y+z+ t , 0 t1,
0x, y, z1.
The absolute error is evaluated by using the following equation:
absolute error =
∑Nx−1
i=1
∑Ny−1
j=1
∑Nz−1
k=1 |Teijk − Tijk|
(Nx − 1)(Ny − 1)(Nz − 1) ,
where Tijk represents the approximate value and Teijk represents the exact value.
We choose Tq =2, TT =1, = 38 , S =0.0. The errors of the fourth order and the second order schemes are compared
in Figs. 1 and 2 for 0.001t0.01 with two choices x = y = z = 0.1 and x = y = z = 0.05. The errors
of the fourth order scheme are shown to be smaller than those of the second order scheme in both cases. Note that the
truncation error is of order O(t2,x4,y4,z4) for the fourth order scheme and of order O(t2,x2,y2,z2)
for the second order scheme. Thus, if t is large and the temporal error component dominates, the difference in error
magnitude between the fourth order scheme and the second order scheme will decrease.
The results of absolute errors for T nijk at t = 1.0, for x =y =z = 0.05 with two choices t = 0.0005 and 0.001
using both the fourth order and second order ﬁnite difference schemes are listed in Table 1. From this table, we note
that the errors of the fourth order scheme are smaller than the corresponding errors of the second order scheme in both
cases.
Table 1
The absolute error computed by second order and fourth order scheme with x = y = z = 0.05
x y t = 0.001 t = 0.0005
Second order Fourth order Second order Fourth order
0.05 0.05 3.46E − 06 1.33E − 07 3.36E − 06 3.40E − 08
0.1 0.1 1.53E − 05 1.63E − 07 1.52E − 05 4.42E − 08
0.15 0.15 3.61E − 05 2.03E − 07 3.60E − 05 5.88E − 08
0.2 0.2 6.52E − 05 2.53E − 07 6.50E − 05 7.76E − 08
0.25 0.25 1.01E − 04 3.13E − 07 1.01E − 04 1.00E − 07
0.3 0.3 1.42E − 04 3.81E − 07 1.41E − 04 1.26E − 07
0.35 0.35 1.85E − 04 4.57E − 07 1.84E − 04 1.54E − 07
0.4 0.4 2.27E − 04 5.40E − 07 2.27E − 04 1.85E − 07
0.45 0.45 2.67E − 04 6.28E − 07 2.67E − 04 2.15E − 07
0.5 0.5 3.01E − 04 7.22E − 07 3.00E − 04 2.46E − 07
0.55 0.55 3.25E − 04 8.21E − 07 3.25E − 04 2.76E − 07
0.6 0.6 3.39E − 04 9.24E − 07 3.38E − 04 3.05E − 07
0.65 0.65 3.38E − 04 1.03E − 06 3.37E − 04 3.32E − 07
0.7 0.7 3.22E − 04 1.15E − 06 3.21E − 04 3.57E − 07
0.75 0.75 2.88E − 04 1.27E − 06 2.88E − 04 3.81E − 07
0.8 0.8 2.39E − 04 1.41E − 06 2.38E − 04 4.04E − 07
0.85 0.85 1.74E − 04 1.56E − 06 1.73E − 04 4.29E − 07
0.9 0.9 1.02E − 04 1.75E − 06 1.01E − 04 4.59E − 07
0.95 0.95 3.44E − 05 1.97E − 06 3.29E − 05 4.99E − 07
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5. Conclusions
We have introduced a fourth order compact ﬁnite difference scheme with Crank–Nicolson technique for solving a
three-dimensional microscale heat transport equation. We have proved that the new scheme is unconditionally stable with
respect to the initial values. Our numerical results have shown that the fourth order compact scheme is computationally
more accurate than the second order scheme.
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Appendix A. The proof of stability theorem
Firstly, we substitute (16) and (17) into (15) and after simpliﬁcation we get
1
t
[
n+1ijk − nijk +
x2
12
2x(
n+1
ijk − nijk) +
y2
12
2y(
n+1
ijk − nijk) +
z2
12
2z(
n+1
ijk − nijk)
]
= 1
2
2x(T
n+1
ijk + T nijk) +
Tq
t
2x(T
n+1
ijk − T nijk) +
1
2
2y(T
n+1
ijk + T nijk) +
Tq
t
2y(T
n+1
ijk − T nijk)
+ 1
2
2z(T
n+1
ijk + T nijk) +
TT
t
2z(T
n+1
ijk − T nijk) +
1
24
(x2 + y2)2x2y(T n+1ijk + T nijk)
+ Tq
12t
(x2 + y2)2x2y(T n+1ijk − T nijk) +
(x2 + z2)
24
2x
2
z(T
n+1
ijk + T nijk)
+ (Tq + TT )(x
2 + z2)
12t
2x
2
z(T
n+1
ijk − T nijk) +
(y2 + z2)
24
2y
2
z(T
n+1
ijk + T nijk)
+ (Tq + TT )(y
2 + z2)
12t
2y
2
z(T
n+1
ijk − T nijk). (19)
Since {T nijk, nijk, unijk} and {V nijk, nijk, nijk} are both the solutions of (19) with the same boundary conditions, and
so is {wnijk, εnijk, 	nijk} ∈ D, and they also satisfy
1
t
[
wn+1ijk − wnijk +
x2
12
2x(w
n+1
ijk − wnijk) +
y2
12
2y(w
n+1
ijk − wnijk) +
y2
12
2z(w
n+1
ijk − wnijk)
]
= 1
2
2x(ε
n+1
ijk + εnijk) +
1
2
2y(ε
n+1
ijk + εnijk) +
1
2
2z(ε
n+1
ijk + εnijk)
+ Tq
t
2x(ε
n+1
ijk − εnijk) +
Tq
t
2y(ε
n+1
ijk − εnijk) +
TT
t
2z(ε
n+1
ijk − εnijk)
+ 1
24
(x2 + y2)2x2y(εn+1ijk + εnijk) +
Tq
12t
(x2 + y2)2x2y(εn+1ijk − εnijk)
+ 1
24
(x2 + z2)2x2z(εn+1ijk + εnijk) +
(Tq + TT )
12t
(x2 + z2)2x2z(εn+1ijk − εnijk)
+ 1
24
(y2 + z2)2y2z(εn+1ijk + εnijk) +
(Tq + TT )
12t
(y2 + z2)2y2z(εn+1ijk − εnijk). (20)
From (16), we have
wn+1ijk + wnijk = (εn+1ijk + εnijk) +
2Tq
t
(εn+1ijk − εnijk), (21)
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Using (21) and Lemma 1, we obtain the following equalities:
(εn+1 + εn,wn+1 + wn) = ‖εn+1 + εn‖2 + 2Tq
t
(‖εn+1‖2 − ‖εn‖2),
(εn+1 − εn,wn+1 + wn) = ‖εn+1‖2 − ‖εn‖2 + 2Tq
t
(‖εn+1 − εn‖2),
(x(ε
n+1 + εn), x(wn+1 + wn)) = ‖x(εn+1 + εn)‖2 + 2Tq
t
(‖xεn+1‖2 − ‖xεn‖2),
(x(ε
n+1 − εn), x(wn+1 + wn)) = ‖xεn+1‖2 − ‖xεn‖2 + 2Tq
t
(‖x(εn+1 − εn)‖2),
(y(ε
n+1 + εn), y(wn+1 + wn)) = ‖y(εn+1 + εn)‖2 + 2Tq
t
(‖yεn+1‖2 − ‖yεn‖2),
(y(ε
n+1 − εn), y(wn+1 + wn)) = ‖yεn+1‖2 − ‖yεn‖2 + 2Tq
t
(‖y(εn+1 − εn)‖2),
(z(ε
n+1 + εn), z(wn+1 + wn)) = ‖z(εn+1 + εn)‖2 + 2Tq
t
(‖zεn+1‖2 − ‖zεn‖2),
(z(ε
n+1 − εn), z(wn+1 + wn)) = ‖zεn+1‖2 − ‖zεn‖2 + 2Tq
t
(‖z(εn+1 − εn)‖2),
(xy(ε
n+1 + εn), xy(wn+1 + wn))
= ‖xy(εn+1 + εn)‖2 + 2Tq
t
(‖xyεn+1‖2 − ‖xyεn‖2),
(xy(ε
n+1 − εn), xy(wn+1 + wn))
= ‖xyεn+1‖2 − ‖xyεn‖2 + 2Tq
t
(‖xy(εn+1 − εn)‖2),
(xz(ε
n+1 + εn), xz(wn+1 + wn))
= ‖xz(εn+1 + εn)‖2 + 2Tq
t
(‖xzεn+1‖2 − ‖xzεn‖2),
(xz(ε
n+1 − εn), xz(wn+1 + wn))
= ‖xzεn+1‖2 − ‖xzεn‖2 + 2Tq
t
(‖xz(εn+1 − εn)‖2),
(yz(ε
n+1 + εn), yz(wn+1 + wn))
= ‖yz(εn+1 + εn)‖2 + 2Tq
t
(‖yzεn+1‖2 − ‖yzεn‖2),
(yz(ε
n+1 − εn), yz(wn+1 + wn))
= ‖yzεn+1‖2 − ‖yzεn‖2 + 2Tq
t
(‖yz(εn+1 − εn)‖2). (22)
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By multiplying both sides of (20) by (wn+1ij + wnij )xyz and sum over i, j and k we get
1
t
[
(‖wn+1‖2 − ‖wn‖2) + x
2
12
(‖xwn+1‖2 − ‖xwn‖2)
+y
2
12
(‖ywn+1‖2 − ‖ywn‖2) + z
2
12
(‖zwn+1‖2 − ‖zwn‖2)
]
= 1
2
(2x(ε
n+1 + εn), wn+1 + wn) + 1
2
(2y(ε
n+1 + εn), wn+1 + wn)
+ 1
2
(2z(ε
n+1 + εn), wn+1 + wn) + Tq
t
(2x(ε
n+1 − εn), wn+1 + wn)
+ Tq
t
(2y(ε
n+1 − εn), wn+1 + wn) + TT
t
(2z(ε
n+1 − εn), wn+1 + wn)
+ 1
24
(x2 + y2)(2x2y(εn+1ij + εnij ), wn+1 + wn)
+ Tq
12t
(x2 + y2)(2x2y(εn+1ij − εnij ), wn+1 + wn)
+ 1
24
(x2 + z2)(2x2z(εn+1ij + εnij ), wn+1 + wn)
+ (Tq + TT )
12t
(x2 + z2)(2x2z(εn+1ij − εnij ), wn+1 + wn)
+ 1
24
(y2 + z2)(2y2z(εn+1ij + εnij ), wn+1 + wn)
+ (Tq + TT )
12t
(x2 + z2)(2y2z(εn+1ij − εnij ), wn+1 + wn). (23)
Using Lemma 1 and (22), we can get each term on the right-hand side of (23).
1
2
(2x(ε
n+1 + εn), wn+1 + wn) = −1
2
(
‖x(εn+1 + εn)‖2 + 2Tq
t
(‖xεn+1‖2 − ‖xεn‖2)
)
,
Tq
t
(2x(ε
n+1 − εn), wn+1 + wn) = −Tq
t
(
‖xεn+1‖2 − ‖xεn‖2 + 2Tq
t
(‖x(εn+1 − εn)‖2)
)
,
1
2
(2y(ε
n+1 + εn), wn+1 + wn) = −1
2
(
‖y(εn+1 + εn)‖2 + 2Tq
t
(‖yεn+1‖2 − ‖yεn‖2)
)
,
Tq
t
(2y(ε
n+1 − εn), wn+1 + wn) = −Tq
t
(
‖yεn+1‖2 − ‖yεn‖2 + 2Tq
t
(‖y(εn+1 − εn)‖2)
)
,
1
2
(2z(ε
n+1 + εn), wn+1 + wn) = −1
2
(
‖z(εn+1 + εn)‖2 + 2Tq
t
(‖zεn+1‖2 − ‖zεn‖2)
)
,
TT
t
(2z(ε
n+1 − εn), wn+1 + wn) = −TT
t
(
‖zεn+1‖2 − ‖zεn‖2 + 2Tq
t
(‖z(εn+1 − εn)‖2)
)
,
1
24
(x2 + y2)(2x2y(εn+1ij + εnij ), wn+1 + wn)
= − 1
24
(x2 + y2)
[
‖xy(εn+1 + εn)‖2 + 2Tq
t
(‖xyεn+1‖2 − ‖xyεn‖2)
]
,
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Tq
12t
(x2 + y2)(2x2y(εn+1ij − εnij ), wn+1 + wn)
= − Tq
12t
(x2 + y2)
[
‖xyεn+1‖2 − ‖xyεn‖2 + 2Tq
t
(‖xy(εn+1 − εn)‖2)
]
,
1
24
(x2 + z2)(2x2z(εn+1ij + εnij ), wn+1 + wn)
= − 1
24
(x2 + z2)
[
‖xz(εn+1 + εn)‖2 + 2Tq
t
(‖xzεn+1‖2 − ‖xzεn‖2)
]
,
(Tq + TT )
12t
(x2 + z2)(2x2z(εn+1ij − εnij ), wn+1 + wn)
= − (Tq + TT )
12t
(x2 + z2)
[
‖xzεn+1‖2 − ‖xzεn‖2 + 2Tq
t
(‖xz(εn+1 − εn)‖2)
]
,
1
24
(y2 + z2)(2y2z(εn+1ij + εnij ), wn+1 + wn)
= − 1
24
(y2 + z2)
[
‖yz(εn+1 + εn)‖2 + 2Tq
t
(‖yzεn+1‖2 − ‖yzεn‖2)
]
,
(Tq + TT )
12t
(y2 + z2)(2y2z(εn+1ij − εnij ), wn+1 + wn)
= − (Tq + TT )
12t
(y2 + z2)
[
‖yzεn+1‖2 − ‖yzεn‖2 + 2Tq
t
(‖yz(εn+1 − εn)‖2)
]
. (24)
Substitution of (24) by (23) yields
1
t
[
(‖wn+1‖2 − ‖wn‖2) + x
2
12
(‖xwn+1‖2 − ‖xwn‖2)
+y
2
12
(‖ywn+1‖2 − ‖ywn‖2) + z
2
12
(‖zwn+1‖2 − ‖zwn‖2)
]
= −1
2
(
‖x(εn+1 + εn)‖2 + 2Tq
t
(‖xεn+1‖2 − ‖xεn‖2)
)
− 1
2
(
‖y(εn+1 + εn)‖2 + 2Tq
t
(‖yεn+1‖2 − ‖yεn‖2)
)
− 1
2
(
‖z(εn+1 + εn)‖2 + 2Tq
t
(‖zεn+1‖2 − ‖zεn‖2)
)
− Tq
t
(
‖xεn+1‖2 − ‖xεn‖2 + 2Tq
t
(‖x(εn+1 − εn)‖2)
)
− Tq
t
(
‖yεn+1‖2 − ‖yεn‖2 + 2Tq
t
(‖y(εn+1 − εn)‖2)
)
− TT
t
(
‖zεn+1‖2 − ‖zεn‖2 + 2Tq
t
(‖z(εn+1 − εn)‖2)
)
− 1
24
(x2 + y2)
[
‖xy(εn+1 + εn)‖2 + 2Tq
t
(‖xyεn+1‖2 − ‖xyεn‖2)
]
− Tq
12t
(x2 + y2)
[
‖xyεn+1‖2 − ‖xyεn‖2 + 2Tq
t
(‖xy(εn+1 − εn)‖2)
]
− 1
24
(x2 + z2)
[
‖xz(εn+1 + εn)‖2 + 2Tq
t
(‖xzεn+1‖2 − ‖xzεn‖2)
]
− (Tq + TT )
12t
(x2 + z2)
[
‖xzεn+1‖2 − ‖xzεn‖2 + 2Tq
t
(‖xz(εn+1 − εn)‖2)
]
− 1
24
(y2 + z2)
[
‖yz(εn+1 + εn)‖2 + 2Tq
t
(‖yzεn+1‖2 − ‖yzεn‖2)
]
− (Tq + TT )
12t
(y2 + z2)
[
‖yzεn+1‖2 − ‖yzεn‖2 + 2Tq
t
(‖yz(εn+1 − εn)‖2)
]
(25)
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after dropping the 12 negative terms from the right-hand side of (25), we have
1
t
[
(‖wn+1‖2 − ‖wn‖2) + x
2
12
(‖xwn+1‖2 − ‖xwn‖2) + y
2
12
(‖ywn+1‖2 − ‖ywn‖2)
+z
2
12
(‖zwn+1‖2 − ‖zwn‖2)
]
 − 2Tq
t
(‖xεn+1‖2 − ‖xεn‖2) − 2Tq
t
(‖yεn+1‖2 − ‖yεn‖2)
− (Tq + TT )
 t
(‖zεn+1‖2 − ‖zεn‖2) − 16 (x
2 + y2)Tq
t
(‖xyεn+1‖2 − ‖xyεn‖2)
− 1
6
(x2 + z2) (Tq + TT )
t
(‖xzεn+1‖2 − ‖xzεn‖2)
− 1
6
(y2 + z2) (Tq + TT )
t
(‖yzεn+1‖2 − ‖yzεn‖2).
The above equation can be written as follows:
1

[
‖wn+1‖2 + x
2
12
‖xwn+1‖2 + y
2
12
‖ywn+1‖2 + z
2
12
‖zwn+1‖2
]
+ 2Tq‖xεn+1‖2
+ 2Tq‖yεn+1‖2 + 2(Tq + TT )‖zεn+1‖2 + Tq6 (x
2 + y2)‖xyεn+1‖2
+ Tq
6
(x2 + z2)‖xzεn+1‖2 + Tq6 (y
2 + z2)‖yzεn+1‖2
 1

[
‖wn‖2 + x
2
12
‖xwn‖2 + y
2
12
‖ywn‖2 + z
2
12
‖zwn‖2
]
+ 2Tq‖xεn‖2
+ 2Tq‖yεn‖2 + 2(Tq + TT )‖zεn‖2 + Tq6 (x
2 + y2)‖xyεn‖2
+ (Tq + TT )
6
(x2 + z2)‖xzεn‖2 + (Tq + TT )6 (y
2 + z2)‖yzεn‖2. (26)
Eq. (26) leads to (18) by recursion with respect to n.
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